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We present two new classes of magnetic brane solutions in Einstein-Maxwell-
Gauss-Bonnet gravity with a negative cosmological constant. The first class of so-
lutions yields an (n + 1)-dimensional spacetime with a longitudinal magnetic field
generated by a static magnetic brane. We also generalize this solution to the case
of spinning magnetic branes with one or more rotation parameters. We find that
these solutions have no curvature singularity and no horizons, but have a conic ge-
ometry. In these spacetimes, when all the rotation parameters are zero, the electric
field vanishes, and therefore the brane has no net electric charge. For the spinning
brane, when one or more rotation parameters are non zero, the brane has a net elec-
tric charge which is proportional to the magnitude of the rotation parameter. The
second class of solutions yields a spacetime with an angular magnetic field. These
solutions have no curvature singularity, no horizon, and no conical singularity. Again
we find that the net electric charge of the branes in these spacetimes is proportional
to the magnitude of the velocity of the brane. Finally, we use the counterterm
method in the Gauss-Bonnet gravity and compute the conserved quantities of these
spacetimes.
I. INTRODUCTION
The possibility that spacetime may have more than four dimensions is now a standard
assumption in high energy physics. From a cosmological point of view, our observable
∗Electronic address: dehghani@physics.susc.ac.ir
2Universe may be viewed as a brane embedded into a higher dimensional spacetime. In the
context of string theory, extra dimensions were promoted from an interesting curiosity to
a theoretical necessity since superstring theory requires a ten-dimensional spacetime to be
consistent from the quantum point of view. The idea of brane cosmology is also consistent
with string theory, which suggests that matter and gauge interaction (described by an open
string) may be localized on a brane, embedded into a higher dimensional spacetime. The
field represented by closed strings, in particular, gravity, propagate in the whole of spacetime.
This underscores the need to consider gravity in higher dimensions. In this context one
may use another consistent theory of gravity in any dimension with a more general action.
This action may be written, for example, through the use of string theory. The effect of string
theory on classical gravitational physics is usually investigated by means of a low energy
effective action which describes gravity at the classical level [1]. This effective action consists
of the Einstein-Hilbert action plus curvature-squared terms and higher powers as well, and in
general give rise to fourth order field equations and bring in ghosts. However, if the effective
action contains the higher powers of curvature in particular combinations, then only second
order field equations are produced and consequently no ghosts arise [2]. The effective action
obtained by this argument is precisely of the form proposed by Lovelock [3]. The appearance
of higher derivative gravitational terms can be seen also in the renormalization of quantum
field theory in curved spacetime [4].
In this paper we want to restrict ourself to the first three terms of Lovelock gravity. The
first two terms are the Einstein-Hilbert term with cosmological constant, while the third
term is known as the Gauss-Bonnet term. This term appears naturally in the next-to-
leading order term of the heterotic string effective action and plays a fundamental role in
Chern-Simons gravitational theories [5]. From a geometric point of view, the combination
of the Einstein-Gauss-Bonnet terms constitutes, for five-dimensional spacetimes, the most
general Lagrangian producing second order field equations, as in the four-dimensional gravity
where the Einstein-Hilbert action is the most general Lagrangian producing second order
field equations [6].
These facts provide a strong motivation for considering new exact solutions of the
Einstein-Gauss-Bonnet gravity. Because of the nonlinearity of the field equations, it is
very difficult to find out nontrivial exact analytical solutions of Einstein’s equation with
higher curvature terms. In most cases, one has to adopt some approximation methods or
3find solutions numerically. However, static spherically symmetric black hole solutions of the
Gauss-Bonnet gravity were found in Ref. [7]. Black hole solutions with nontrivial topology
in this theory were also studied in Refs. [8, 9, 10]. The thermodynamics of charged static
spherically symmetric black hole solutions was considered in [11]. All of these known solu-
tions are static. Recently I introduced a new class of asymptotically anti-de Sitter rotating
black brane solutions in the Einstein-Gauss-Bonnet gravity and considered its thermody-
namics [12].
In this paper we are dealing with the issue of the spacetimes generated by static, spinning,
and traveling brane sources in (n + 1)-dimensional Einstein-Maxwell-Gauss-Bonnet gravity
that are horizonless and have nontrivial external solutions. These kinds of solutions have
been investigated by many authors in the context of Einstein gravity. Static uncharged
cylindrically symmetric solutions of Einstein gravity in four dimensions were considered in
[13]. Similar static solutions in the context of cosmic string theory were found in [14]. All of
these solutions [13, 14] are horizonless and have a conical geometry, which are everywhere
flat except at the location of the line source. An extension to include the electromagnetic
field has also been done [15, 16]. The generalization of the four-dimensional solution found
in [16] to the case of (n + 1)-dimensional solution with all rotation and boost parameters
has been done in [17]. Some solutions of type IIB supergravity compactified on a four-
dimensional torus have been considered in [18], which have no curvature singularity and no
conic singularity. Here we will find these kinds of solutions in the Gauss-Bonnet gravity,
and use the counterterm method to compute the conserved quantities of the system.
The outline of our paper is as follows. We give a brief review of the field equations
in Sec. II. In Sec. III we first present a new class of static horizonless solutions which
produce longitudinal magnetic field, and then endow these spacetime solutions with a global
rotation. We also generalize these rotating solutions to the case of spacetimes with more
rotation parameters. In Sec. IV we introduce those horizonless solutions that produce an
angular magnetic field. Section V will be devoted to the use of the counterterm method to
compute the conserved quantities of these spacetimes. We also show that the electric charge
densities of the branes with rotation or a boost parameter are proportional to the magnitude
of the boost parameters. We finish our paper with some concluding remarks.
4II. FIELD EQUATIONS IN EINSTEIN-MAXWELL-GAUSS-BONNET
GRAVITY
The most fundamental assumption in standard general relativity are the requirement of
general covariance and that the field equations be second order. Based on these principles,
the most general Lagrangian in arbitrary dimensions is the Lovelock Lagrangian. The La-
grangian of the Lovelock theory, which is the sum of dimensionally extended Euler densities,
may be written as
LG = 1
2
n∑
i
ciLi, (1)
where ci is an arbitrary constant and Li is the Euler density of a 2i-dimensional manifold,
Li = (−2)−iδa1b1...aibic1d1...cidiRc1d1a1b1 ....Rcidiaibi . (2)
Here the first two terms c0L0 = 2Λ, where Λ is the cosmological constant, and c1L1 = R give
us the Einstein-Hilbert term and c2L2 = α(RµνγδRµνγδ−4RµνRµν+R2) is the Gauss-Bonnet
term. Thus, the gravitational action of an (n+1)-dimensional asymptotically anti-de Sitter
spacetimes with the Gauss-Bonnet term in the presence of an electromagnetic field, in a unit
system in which 8piG = 1, can be written as
Ig =
1
2
∫
dn+1x
√−g{R + n(n− 1)
l2
+ α(RµνγδR
µνγδ − 4RµνRµν +R2) + FµνF µν}, (3)
where R, Rµνρσ, andRµν are the Ricci scalar and Riemann and Ricci tensors of the spacetime,
Fµν = ∂µAν − ∂νAµ is the electromagnetic tensor field, and Aµ is the vector potential. α is
the Gauss-Bonnet coefficient with dimension (length)2 and is positive in the heterotic string
theory [7]. So we restrict ourselves to the case α ≥ 0. Varying the action over the metric
tensor gµν and electromagnetic field Fµν , the equations of gravitational and electromagnetic
fields are obtained as
Rµν − 1
2
gµνR +
n(n− 1)
2l2
gµν − α{1
2
gµν(RγδλσR
γδλσ − 4RγδRγδ +R2)
−2RRµν + 4RµγRγν + 4RγδRγ δµν − 2RµγδλR γδλν } = Tµν , (4)
∇µFµν = 0, (5)
where Tµν is the electromagnetic stress tensor
Tµν = 2F
λ
µFλν − 1
2
FλσF
λσgµν . (6)
5Equation (4) does not contain the derivative of the curvatures, and therefore the derivatives
of the metric higher than two do not appear. Thus, the Gauss-Bonnet gravity is a special
case of higher derivative gravity.
III. THE LONGITUDINAL MAGNETIC FIELD SOLUTIONS
Here we want to obtain the (n+ 1)-dimensional solutions of Eqs. (4)-(6) which produce
longitudinal magnetic fields in the Euclidean submanifold spans by the xi coordinates (i =
1, ..., n− 2). We assume that the metric has the following form:
ds2 = −ρ
2
l2
dt2 +
dρ2
f(ρ)
+ l2f(ρ)dφ2 +
ρ2
l2
n−2∑
i=1
(dxi)2. (7)
Note that the coordinates xi have the dimension of length, while the angular coordinate
φ is dimensionless as usual and ranges in 0 ≤ φ < 2pi. The motivation for this metric
gauge [gtt ∝ −ρ2 and (gρρ)−1 ∝ gφφ] instead of the usual Schwarzschild gauge [(gρρ)−1 ∝ gtt
and gφφ ∝ ρ
2] comes from the fact that we are looking for a magnetic solution instead of
an electric one. In this section we want to consider only the magnetically charged case
which produces a longitudinal magnetic field in the Euclidean submanifold spanned by the
xi coordinates. In the next section we consider the angular magnetic solutions. Thus, one
may assume that
Aµ = h(ρ)δ
φ
µ. (8)
For purely electrically charged solutions in Gauss-Bonnet gravity, see [12]. The functions
f(ρ) and h(ρ) may be obtained by solving the field equations (4) and (5). Using Eq. (5)
one obtains
ρ
∂2h
∂ρ2
+ (n− 1)∂h
∂ρ
= 0. (9)
Thus, h(ρ) = C1/ρ
(n−2), where C1 is an arbitrary real constant. To get the solution of
the Einstein-Maxwell equation in the case of α = 0, which I introduced in [17], one should
choose the arbitrary constant C1 = −2qln−1/(n−2). To find the function f(ρ), one may use
any components of Eq. (4). The simplest equation is the ρρ component of these equations
which can be written as
(n− 1){l2ρ2n−5[2(n− 2)(n− 3)αf − ρ2]f ′ + nρ2n−2
+(n− 2)l2ρ2n−6[(n− 3)(n− 4)αf − ρ2]f}+ 8q2l2n−2 = 0, (10)
6where the prime denotes a derivative with respect to the ρ coordinate. The solutions of Eq.
(10) can be written as
f(ρ) =
ρ2
2(n− 2)(n− 3)α
{
1±
√
1− 4(n− 2)(n− 3)α
l2
(
1 +
C2
ρn
− 8q
2l2n−2
(n− 1)(n− 2)ρ2(n−1)
)}
,
(11)
where C2 is an arbitrary constant. As one can see from Eq. (11), the solution has two
branches with “−” and “+” signs. The arbitrary constant C2 should be chosen such that
the solution obtained reduces to that of the Einstein-Maxwell equation introduced in [17] as
α goes to zero. In order to have the desired function, we should choose the branch with the
“−” sign and fix C2 = −8mln. The parameters m and q are the mass and charge parameters
and r+ is the largest positive real solution of f(ρ) = 0.
In order to study the general structure of this solution, we first look for curvature singu-
larities. It is easy to show that the Kretschmann scalar RµνλκR
µνλκ diverges at ρ = 0 and
therefore one might think that there is a curvature singularity located at ρ = 0. However, as
will be seen below, the spacetime will never achieve ρ = 0. Now we look for the existence of
horizons, and therefore we look for possible black brane solutions. One should conclude that
there are no horizons and therefore no black brane solutions. The horizons, if any exist, are
given by the zeros of the function f(ρ) = g−1ρρ . Let us denote the zeros of f(ρ) by r+. The
function f(ρ) is negative for ρ < r+ and positive for ρ > r+, and therefore one may think
that the hypersurface of constant time and ρ = r+ is the horizon. However, this analysis
is not correct. Indeed, one may note that gρρ and gφφ are related by f(ρ) = g
−1
ρρ = l
−2gφφ,
and therefore when gρρ becomes negative (which occurs for ρ < r+) so does gφφ. This leads
to an apparent change of signature of the metric from (n− 1)+ to (n− 2)+, and therefore
indicates that we are using an incorrect extension. To get rid of this incorrect extension, we
introduce the new radial coordinate r as
r2 = ρ2 − r2+ ⇒ dρ2 =
r2
r2 + r2+
dr2. (12)
With this new coordinate, the metric (7) is
ds2 = −r
2 + r2+
l2
dt2 + l2f(r)dφ2
+
r2
(r2 + r2+)f(r)
dr2 +
r2 + r2+
l2
dX2, (13)
7where dX2 is the Euclidean metric on the (n− 2)-dimensional submanifold, the coordinates
r and φ assume the values 0 ≤ r <∞ and 0 ≤ φ < 2pi, and f(r) is now given as
f(r) =
r2 + r2+
2(n− 2)(n− 3)α{1−√
1− 4(n− 2)(n− 3)α
l2
(
1− 8ml
n
(r2 + r2+)
n/2
− 8q
2l2n−2
(n− 1)(n− 2)(r2 + r2+)n−1
)
}. (14)
The gauge potential in the new coordinate is
Aµ = − 2
(n− 2)
qln−1
(r2 + r2+)
(n−2)/2
δφµ. (15)
The function f(r) given in Eq. (14) is positive in the whole spacetime and is zero at r = 0.
Also note that the Kretschmann scalar does not diverge in the range 0 ≤ r <∞. Therefore
this spacetime has no curvature singularities and no horizons. However, it has a conic
geometry and has a conical singularity at r = 0. In fact, using a Taylor expansion, in the
vicinity of r = 0 the metric (13) is
ds2 = −r
2
+
l2
dt2 + 2
l2
r2+
(
n+
4q2l2n−2
(n− 1)r2n−2+
)−1
dr2
+
1
2l2
(
n+
4q2l2n−4
(n− 1)r2n−2+
)
r2dφ2 +
r2+
l2
dX2, (16)
which clearly shows that the spacetime has a conical singularity at r = 0. It is worthwhile
to mention that the magnetic solutions obtained here have distinct properties relative to the
electric solutions obtained in [12]. Indeed, the electric solutions have black holes, while the
magnetic do not.
Of course, one may ask for the completeness of the spacetime with r ≥ 0 [16, 19]. It is
easy to see that the spacetime described by Eq. (13) is both null and timelike geodesically
complete for r ≥ 0. To do this, one may show that every null or timelike geodesic starting
from an arbitrary point either can be extended to infinite values of the affine parameter
along the geodesic or will end on a singularity at r = 0. Using the geodesic equation, one
obtains
t˙ =
l2
r2 + r2+
E, x˙i =
l2
r2 + r2+
P i, φ˙ =
1
l2f(r)
L, (17)
r2r˙2 = (r2 + r2+)f(r)
[
l2(E2 −P2)
r2 + r2+
− α
]
− r
2 + r2+
l2
L2, (18)
8where the overdot denotes the derivative with respect to an affine parameter, and α is zero
for null geodesics and +1 for timelike geodesics. E, L, and P i’s are the conserved quantities
associated with the coordinates t, φ, and xi’s, respectively, and P2 =
∑n−2
i=1 (P
i)2. Notice
that f(r) is always positive for r > 0 and zero for r = 0.
First we consider the null geodesics (α = 0). (i) If E2 > P2 the spiraling particles (L > 0)
coming from infinity have a turning point at rtp > 0, while the nonspiraling particles (L = 0)
have a turning point at rtp = 0. (ii) If E = P and L = 0, whatever the value of r, r˙ and
φ˙ vanish and therefore the null particles moves in a straight line in the (n− 2)-dimensional
submanifold spanned by x1 to xn−2. (iii) For E = P and L 6= 0, and also for E2 < P2 and
any values of L, there is no possible null geodesic.
Now, we analyze the timelike geodesics (α = +1). Timelike geodesics is possible only if
l2(E2 − P2) > r2+. In this case spiraling (L 6= 0) timelike particles are bound between ratp
and rbtp given by
0 < ratp ≤ rbtp <
√
l2(E2 −P2)− r2+, (19)
while the turning points for the nonspiraling particles (L = 0) are r1tp = 0 and r
2
tp =√
l2(E2 −P2)− r2+. Thus, we confirmed that the spacetime described by Eq. (13) is both
null and timelike geodesically complete.
When m and q are zero, the vacuum solution is
f(ρ) =
ρ2
2(n− 2)(n− 3)α
(
1−
√
1− α4(n− 2)(n− 3)
l2
)
. (20)
Equation (20) shows that for a positive value of α, this parameter should be less than
α ≤ l2/4(n − 2)(n − 3). Also note that the AdS solution of the theory has the effective
cosmological constant
l2eff = 2(n− 2)(n− 3)α
(
1−
√
1− 4(n− 2)(n− 3)α
l2
)−1
. (21)
We use the effective cosmological constant (21) later in order to introduce the counterterm
for the action.
A. The rotating longitudinal solutions
Now, we want to endow our spacetime solution (13) with a global rotation. In order to
add angular momentum to the spacetime, we perform the following rotation boost in the
9t− φ plane
t 7→ Ξt− aφ, φ 7→ Ξφ− a
l2
t, (22)
where a is a rotation parameter and Ξ =
√
1 + a2/l2. Substituting Eq. (22) into Eq. (13)
we obtain
ds2 = −r
2 + r2+
l2
(Ξdt− adφ)2 + r
2dr2
(r2 + r2+)f(r)
+l2f(r)
( a
l2
dt− Ξdφ
)2
+
r2 + r2+
l2
dX2, (23)
where f(r) is the same as f(r) given in Eq. (14). The gauge potential is now given by
Aµ =
2
(n− 2)
ql(n−3)
(r2 + r2+)
(n−2)/2
(
aδ0µ − l2Ξδφµ
)
. (24)
The transformation (22) generates a new metric, because it is not a permitted global co-
ordinate transformation [20]. This transformation can be done locally but not globally.
Therefore, the metrics (13) and (23) can be locally mapped into each other but not globally,
and so they are distinct. Note that this spacetime has no horizon and curvature singular-
ity. However, it has a conical singularity at r = 0. One should note that these solutions
are different from those discussed in [12], which were electrically charged rotating black
brane solutions in Gauss-Bonnet gravity. The electric solutions have black holes, while the
magnetic do not. It is worthwhile to mention that this solution reduces to the solution of
Einstein-Maxwell equation introduced in [17] as α goes to zero.
B. The general rotating longitudinal solution with more rotation parameters
For the sake of completeness we give the general rotating longitudinal solution with more
rotation parameters. The rotation group in n + 1 dimensions is SO(n) and therefore the
number of independent rotation parameters is [(n + 1)/2], where [x] is the integer part of
x. We now generalize the above solution given in Eq. (23) with k ≤ [(n + 1)/2] rotation
parameters. This generalized solution can be written as
ds2 = −r
2 + r2+
l2
(
Ξdt−
k∑
i=1
aidφ
i
)2
+ f(r)
(√
Ξ2 − 1dt− Ξ√
Ξ2 − 1
k∑
i=1
aidφ
i
)2
+
r2dr2
(r2 + r2+)f(r)
+
r2 + r2+
l2(Ξ2 − 1)
k∑
i<j
(aidφj − ajdφi)2 + r
2 + r2+
l2
dX2, (25)
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where Ξ =
√
1 +
∑k
i a
2
i /l
2, dX2 is the Euclidean metric on the (n − k − 1)-dimensional
submanifold and f(r) is the same as f(r) given in Eq. (14). The gauge potential is
Aµ =
2
(n− 2)
ql(n−2)
(r2 + r2+)
(n−2)/2
(√
Ξ2 − 1δ0µ −
Ξ√
Ξ2 − 1aiδ
i
µ
)
; (no sum on i). (26)
Again this spacetime has no horizon and curvature singularity. However, it has a conical
singularity at r = 0. One should note that these solutions reduce to those discussed in [12].
IV. THE ANGULAR MAGNETIC FIELD SOLUTIONS
In Sec. III we found a spacetime generated by a magnetic source which produces a lon-
gitudinal magnetic field along xi coordinates. In this section we want to obtain a spacetime
generated by a magnetic source that produce angular magnetic fields along the φi coordi-
nates. Following the steps of Sec. III but now with the roles of φ and x interchanged, we
can directly write the metric and vector potential satisfying the field equations (4)-(6) as
ds2 = −r
2 + r2+
l2
dt2 +
r2dr2
(r2 + r2+)f(r)
+(r2 + r2+)
n−2∑
i=1
(dφi)2 + f(r)dx2, (27)
where f(r) is given in Eq. (14). The angular coordinates φi’s range in 0 ≤ φi < 2pi. The
gauge potential is now given by
Aµ = − 2
(n− 2)
ql(n−2)
(r2 + r2+)
(n−2)/2
δxµ. (28)
The Kretschmann scalar does not diverge for any r and therefore there is no curvature
singularity. The spacetime (27) is also free of conic singularity. In addition, it is notable
to mention that the radial geodesic passes through r = 0 (which is free of singularity) from
positive values to negative values of the coordinate r. This shows that the radial coordinate
in Eq. (27) can take the values −∞ < r <∞. This analysis may suggest that one is in the
presence of a traversable wormhole with a throat of dimension r+. However, in the vicinity
of r = 0, the metric (27) can be written as
ds2 = −r
2
+
l2
dt2 + 2
l2
r2+
(
n +
4q2l2n−2
(n− 1)r2n−2+
)−1
dr2
11
+r2+dΩ
2 +
1
2l2
(
n+
4q2l2n−4
(n− 1)r2n−2+
)
r2dx2, (29)
which clearly shows that, at r = 0, the x direction collapses and therefore we have to
abandon the wormhole interpretation.
To add linear momentum to the spacetime, we perform the boost transformation [t 7→
Ξt− (v/l)x, x 7→ Ξx− (v/l)t] in the t− x plane and obtain
ds2 = −r
2 + r2+
l2
(
Ξdt− v
l
dx
)2
+ f(r)
(v
l
dt− Ξdx
)2
+
r2dr2
(r2 + r2+)f(r)
+ (r2 + r2+)dΩ
2, (30)
where v is a boost parameter and Ξ =
√
1 + v2/l2. The gauge potential is given by
Aµ =
2
(n− 2)
λl(n−3)
(r2 + r2+)
(n−2)/2
(
vδ0µ − lΞδxµ
)
. (31)
Contrary to transformation (22), this boost transformation is permitted globally since x is
not an angular coordinate. Thus the boosted solution (30) is not a new solution. However,
it generates an electric field.
V. THE CONSERVED QUANTITIES OF A MAGNETIC ROTATING BRANE
It is well known that the gravitational action given in Eq. (3) diverges. A system-
atic method of dealing with this divergence in Einstein gravity is through the use of the
counterterms method inspired by the anti-de Sitter conformal field theory (AdS/CFT) cor-
respondence [21]. This conjecture, which relates the low energy limit of string theory in
asymptotically anti de-Sitter spacetime and the quantum field theory living on the bound-
ary of it, have attracted a great deal of attention in recent years. This equivalence between
the two formulations means that, at least in principle, one can obtain complete information
on one side of the duality by performing computation on the other side. A dictionary trans-
lating between different quantities in the bulk gravity theory and their counterparts on the
boundary has emerged, including the partition functions of both theories. This conjecture is
now a fundamental concept that furnishes a means for calculating the action and conserved
quantities intrinsically without reliance on any reference spacetime [22, 23, 24]. It has also
been applied to the case of black holes with constant negative or zero curvature horizons
12
[25] and rotating higher genus black branes [26]. Although the AdS/CFT correspondence
applies for the case of a specially infinite boundary, it was also employed for the computa-
tion of the conserved and thermodynamic quantities in the case of a finite boundary [27].
The counterterm method has also been extended to the case of asymptotically de Sitter
spacetimes [28].
All of the work mention in the last paragraph was limited to Einstein gravity where the
universal and widely accepted Gibbons-Hawking boundary term [29] is known. In Einstein
gravity the Gibbons-Hawking term, which is the trace of the extrinsic curvature of the
boundary, will be added to the action in order to have a well-defined variational principle.
The main difference of higher derivative gravity from Einstein gravity is that the boundary
term which make the variational principle well-behaved is much more complicated [30, 31].
However, the boundary term that makes the variational principle well behaved is known for
the case of Gauss-Bonnet gravity [32, 33]. Here we want to apply the counterterm method
to the case of magnetic brane solutions introduced in this paper. In order to do this we
choose the following counterterm
Ib = I
(1)
b + I
(2)
b , (32)
where I
(1)
b is given as [32, 33]
I
(1)
b =
∫
δM
dnx
√−γ
{
K + 2α
[
1
n
(
+3KKcdK
cd − 2KacKcdK ad −K3
)− 2ĜabKab]} . (33)
In Eq. (33),K is the trace of the extrinsic curvatureKab of any boundary ∂M of the manifold
M, with induced metric γab, and Ĝab is the n-dimensional Einstein tensor corresponding to
the metric γab. The second boundary term I
(2)
b is the counterterm that cancels the divergence
appearing in the limit of r →∞. This term is given only in terms of the boundary quantities
which do not affect the variational principle. Note that for our spacetimes the Riemann
curvature of the boundary is zero and therefore I
(2)
b has only one term given as
I
(2)
b = −
∫
δM
dnx
√−γ
(
n− 1
leff
)
, (34)
where leff is given in Eq. (21). One may note that this counterterm has exactly the same
form as the counterterm in Einstein gravity for a spacetime with zero curvature boundary
in which l is replaced by leff .The total action can be written as a linear combination of the
gravity term (3), and the counterterms (33) and (34)
I = Ig + Ib. (35)
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It is worthwhile to mention that the action (35) has no r divergence in various dimensions for
spacetimes with zero curvature boundary. However, the boundary term introduced in [30],
does not have this property. In fact, the coefficients of various terms in the action of [30]
in different dimension should be chosen different, in order to remove the r-divergence of the
action. Having the total finite action, one can use the Brown-York definition of stress-energy
tensor [34] to construct a divergence-free stress-energy tensor. Note that the last term in
Eq. (33) is zero, for our case, and therefore one may write
T ab =
√−γ{(Kγab −Kab) (36)
+
2α
n
(
3K2Kab − 3KcdKcdKab + anKKacK bc + bnKacKcdKdb
)
+
2α
n
(
3KKcdK
cd − 2KacKcdKdb −K3
)
γab −
(
n− 1
leff
)
γab}. (37)
One may note that when α goes to zero, the stress-energy tensor (??) reduces to that of
Einstein gravity.
The conserved quantity associated with a Killing vector ξa is
Q(ξ) =
∫
B
dnx
√
σuaTabξ
b, (38)
where B is the hypersurface of fixed r and t, ua is the unit normal vector on B, and σ is the
determinant of the metric σij , appearing in the ADM-like decomposition of the boundary
metric,
ds2 = −N2dt2 + σij(dxi +N idt)(dxj +N jdt). (39)
In Eq. (39), N and N i are the lapse and shift functions, respectively. For the spacetimes
introduced in this paper, the (n− 1)-dimensional boundaries B have timelike Killing vector
(ξ = ∂/∂t), rotational Killing vector (ζi = ∂/∂φ
i), and translational Killing vector (ςi =
∂/∂xi). Thus, one obtains the conserved mass, angular momentum, and linear momentum
of the system enclosed by the boundary B as
M =
∫
B
dn−1x
√
σTabu
aξb, (40)
Ji =
∫
B
dn−1x
√
σTabu
aζbi , (41)
Pi =
∫
B
dn−1x
√
σTabu
aςbi . (42)
We now apply this counterterm method to the case of five-dimensional spacetimes (23)
and (30). It is easy to verify that the r divergence of the action is removed by the counterterm
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(34). The divergence terms of the mass of the spacetimes (23) and (30) in five dimensions
will be removed if one choose a4 = −4 and b4 = −8. Using these coefficients together with
Eqs. (40) and (41), the mass and the angular momentum densities of the spacetime (23) in
five dimensions can be calculated as
M = m
[
4(Ξ2 − 1) + 1] , (43)
J = −16Ξma. (44)
The mass of the spacetime (30) in five dimensions is the same as (43), its angular momentum
is zero, and its linear momentum is
P = −16Ξmv. (45)
Of course, one can apply this method to compute the mass, and angular and linear momenta
of the spacetime in various dimensions.
Next, we calculate the electric charge of the solutions. To determine the electric field we
should consider the projections of the electromagnetic field tensor on special hypersurfaces.
The normal to such hypersurfaces for spacetimes with longitudinal magnetic field is
u0 =
1
N
, ur = 0, ui = −N
i
N
, (46)
and the electric field is Eµ = gµρFρνu
ν . Then the electric charge density Q of the spacetimes
(23) and (30) can be found by calculating the flux of the electromagnetic field at infinity,
yielding
Q =
1
4pi
√
Ξ2 − 1q. (47)
Note that the electric charge density is proportional to the rotation parameter or boost
parameter and is zero for the case of static solutions.
VI. CLOSING REMARKS
In this paper, we added the Gauss-Bonnet term to the Einstein-Maxwell action with a
negative cosmological constant. We introduced two classes of solutions which are asymp-
totically anti-de Sitter. The first class of solutions yields an (n + 1)-dimensional spacetime
with a longitudinal magnetic field [the only nonzero component of the vector potential is
Aφ(r)] generated by a static magnetic brane. We also found the rotating spacetime with
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a longitudinal magnetic field by a rotational boost transformation. We found that these
solutions have no curvature singularity and no horizons, but have conic singularity at r = 0.
In these spacetimes, when all the rotation parameters are zero (static case), the electric field
vanishes, and therefore the brane has no net electric charge. For the spinning brane, when
one or more rotation parameters are nonzero, the brane has a net electric charge density
which is proportional to the magnitude of the rotation parameter given by
√
Ξ2 − 1. The
second class of solutions yields a spacetime with angular magnetic field. These solutions
have no curvature singularity, no horizon, and no conic singularity. Again, we found that
the branes in these spacetimes have no net electric charge when all the boost parameters are
zero. We also showed that, for the case of traveling branes with nonzero boost parameter,
the net electric charge density of the brane is proportional to the magnitude of the velocity
of the brane (v).
The counterterm method inspired by the AdS/CFT correspondence conjecture has been
widely applied to the case of Einstein gravity. Here we applied this method to the case of
Gauss-Bonnet gravity and calculated the conserved quantities of the two classes of solutions.
We found that the counterterm (34) has only one term, since the boundaries of our space-
times are curvature-free. Other related problems such as the application of the counterterm
method to the case of solutions of higher curvature gravity with nonzero curvature boundary
remain to be carried out.
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